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The three-qubit space of entanglement types is the orbit space of the local unitary action on the 
space of three-qubit pure states, and hence describes the types of entanglement that a system of three 
qubits can achieve. We show that this orbit space is homeomorphic to a certain subspace of R 6 , which 
we describe completely. We give a topologically based classification of three-qubit entanglement 
types, and we argue that the nontrivial topology of the three-qubit space of entanglement types 
forbids the existence of standard states with the convenient properties of two-qubit standard states. 
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I. INTRODUCTION 

Quantum entanglement is an important resource in 
quantum computation, quantum communication, and 
other emerging quantum technologies. A fundamental 
problem in quantum entanglement theory is to under- 
stand the types of entanglement that a composite quan- 
tum system can achieve. 

Linden and Popescu [1] presented a program for pre- 
cisely characterizing the types of entanglement that a 
composite quantum system can exhibit. In their pro- 
gram, the Lie group of local unitary (LU) transforma- 
tions acts on the space of quantum states, partitioning 
it into orbits. Each orbit represents a type of entangle- 
ment achievable by the quantum system. The collection 
of orbits, known as the orbit space (see, for example, [2], 
p. 72) or the space of entanglement types, then forms 
a mathematical object that describes all of the possible 
types of entanglement for a quantum system. In fact, 
Linden and Popescu regarded this orbit space as "the 
main mathematical object we are investigating." [1] They 
went on to determine the number of parameters required 
to distinguish orbits in the orbit space and to comment 
on the importance of local unitary invariants in describ- 
ing the orbit space. 

In [3] , Linden, Popescu, and Sudbery gave the number 
of parameters needed to describe the space of entangle- 
ment types for mixed quantum states, and emphasized 
the importance of having enough LU invariants to sep- 
arate orbits. (A collection of invariants separates orbits 
if any two states with the same values for each invariant 
necessarily lie on the same orbit. Such a collection is also 
called a complete set of invariants.) 

Kcmpc [4], Coffman et al. [5], and Sudbery [6] identi- 
fied specific LU invariants for three-qubit pure states. 

A major advance toward a complete description of the 
three-qubit space of entanglement types came from Acfii 
et al. [7, 8] who found a standard form for three-qubit 
state vectors and a convenient set of LU invariants that 



had a simple form when evaluated for standard state vec- 
tors. The near invertibility of their expressions for invari- 
ants allowed Aci'n et al. to argue that a set of six LU in- 
variants were sufficient to separate orbits, giving unique 
coordinates for the orbit space. The allowable values that 
the invariants could assume remained unknown, and con- 
sequently the understanding of the types of entanglement 
achievable for three qubits was incomplete. 

An additional point that deserves to be emphasized is 
that the space £ of entanglement types is a topological 
space, and not merely a set. Topology provides a sys- 
tem for keeping track of which types of entanglement are 
"close" to other types. Thus we define the space of en- 
tanglement types for n qubits, £ n , to be the orbit space 
produced by the action of the local unitary group on the 
n-qubit pure quantum state space. In other words, £ n is 
the set of LU orbits (entanglement types) equipped with 
the quotient topology it inherits from the quantum state 
space. 

The present work completes Linden and Popcscu's pro- 
gram for three-qubit pure states. We precisely charac- 
terize £3 , showing that it is homeomorphic (identical not 
just as a set but as a topological space) to a particular 
subspace of R 6 . 

The paper is organized as follows. In section II, we 
give a general program for describing the space of en- 
tanglement types for a composite quantum system as a 
topological space. In section III, wc apply this program 
to two-qubit pure states in an effort to gain some insight 
in a simple setting. Section IV applies the general pro- 
gram to three-qubit pure states, and constitutes the heart 
of the paper. Section V provides some help in visualizing 
the possibilities for three-qubit entanglement types, and 
gives a topologically based classification. In section VI, 
we argue that the nontrivial topology of £3 forbids the 
existence of three-qubit standard states possessing all of 
the nice properties that two-qubit standard states have. 



II. SPACE OF ENTANGLEMENT TYPES 
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In this section, we outline a general program for de- 
scribing the space of entanglement types of a composite 
quantum system as a topological imbedding (see, for ex- 
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ample, [9], p. 105) in R m for some m. 

Let H = C d denote the Hilbert space of a quantum sys- 
tem. Quantum states correspond to rays in the Hilbert 
space, so the space of quantum states is P(C d ) = CP d_1 , 
the (d — l)-dimensional complex projective space. The 
(2d — l)-sphere, S ,2d_1 , is the collection of normalized 
state vectors in M. 2d m C d . Let T be the space on which 
the group of LU transformations acts. If the group G of 
LU transformations contains operations that change the 
phase of state vectors (as the groups U(2) x U(2) x U(2) 
and 57/(2) x SU(2) x 57/(2) x 17(1) do for three qubits), 
then it does not matter whether the orbit space is formed 
from the space of quantum states or from the space of 
normalized quantum state vectors. In the notation of 
[2] , the definition of the space of entanglement types is 



£=T/G 



/G = S 2d - 1 /G 



In the sequel, we require the space T to be topologically 
compact. Both CP d_1 and S 2d ~ 1 are compact, and both 
lead to the correct orbit space, so either may be chosen 
for the space T. For mixed states, one could take T to 
be the space of density matrices. 

Proposition 1 Let (7i, . . . , I m ) be a complete set of con- 
tinuous, real-valued invariants. Applying the collection of 
invariants to a quantum state provides a continuous map 
I : T —f K m . J/IcR ra b the image of this map, then 
the space £ of entanglement types is homeomorphic to X . 

Proof. Since the map 7 is constructed from LU invari- 
ants, it must factor through the space £ of entanglement 
types: I = f o tt, where n is the projection map that 
associates a quantum state with its entanglement type in 
£. (The map / is well defined because I is constructed 
from LU invariants.) 




£ 



X 



Since there are enough LU invariants to separate orbits, 
the map / is one-to-one, and since X is the image of the 
map 7, the map / is onto. The map 7r is continuous since 
it defines the quotient topology on £, and 7 is continuous 
because its components are continuous, so / is continu- 
ous by a standard result about quotient spaces (see [9], 
Theorem 22.2). The map / : £ — ► X is then a continu- 
ous bijection. Since £ is compact (it is the image of the 
compact space T under the continuous map tt) and X is 
Hausdorff (a subspace of a Hausdorff space is Hausdorff ), 
we have that / is a homeomorphism. (See, for example, 
[9], Theorem 26.6.) □ 



III. DESCRIPTION OF £ 2 

In this section, we apply the procedure of the previous 
section to pure states of two qubits to see how it works 



in a familiar setting. For pure states of two qubits, the 
Hilbert space is C 2 (X>C 2 ~ C 4 , the quantum state space is 
P(C 2 <x>C 2 ) « CP 3 , and the space of normalized quantum 
state vectors is S 7 . The group of local unitary transfor- 
mations is U (2) x U(2). The space of entanglement types 



£ 2 = P(C 2 ® C 2 )/U(2) x U(2) = S 7 /U(2) x 17(2). 

A single LU invariant is all that is required to separate 
orbits for pure states of two qubits. For a normalized 
two-qubit pure state 



i=0 j=0 

the concurrence introduced by Hill and Wootters [10], 
C(ip) = 2 1^00-011 - V'oiV'iol , 

is a continuous, real- valued invariant. The Schmidt de- 
composition theorem [11, 12] tells us that this single in- 
variant is sufficient to separate orbits, so it suffices to use 
m = 1 invariant for two qubits. It is easily shown that the 
image of the concurrence map is [0, 1] C M 1 , the closed 
interval from zero to one. We conclude that £2 is home- 
omorphic to [0, 1]. Two-qubit entanglement types are in 
one-to-one correspondence with the closed unit interval, 
with representing uncntangled states, 1 representing 
fully entangled states, and numbers in the open unit in- 
terval representing varying degrees of partially entangled 
states. 

Table I gives a topologically based classification of two- 
qubit entanglement types, provided mainly for later com- 
parison with Table II which classifies three-qubit entan- 
glement types. In this table, we view £2 as a cell complex 
(or CW complex) [2] composed of two 0-cells (points) 
and one 1-cell (open unit interval). One 0-cell, e° SEP , 
represents the separable (unentangled) states. The other 
0-cell, 

e EPR' represents fully entangled states, such as 
the EPR pair, \EPR) = 1/V2(|01) - |10». The 1-cell, 
e , representing all of the partial entanglement types is 
attached to eP SEP at one end and to e EPR at the other 
end. 

Entanglement types considered in the present work arc 
more precisely called LU entanglement types, since each 
type is associated with an equivalence class of quantum 
states under local unitary transformation. An alterna- 
tive equivalence relation on the space of quantum states 
is is equivalence under stochastic local operations and 
classical communication (SLOCC) [13]. Each SLOCC 
equivalence class of quantum states can be regarded as 
an SLOCC entanglement type in the same way that each 
LU equivalence class of quantum states is regarded as an 
LU entanglement type. For two-qubit pure states, there 
are only two SLOCC classes: unentangled and entan- 
gled. LU operations arc a subset of SLOCC operations, 
so each LU entanglement type that we have identified is 
associated with exactly one SLOCC entanglement type. 
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TABLE I: Two-qubit space of entanglement types viewed as 
a cell complex. The superscript in the cell name gives the 
dimension of the cell. 



Cell 
name 


Concurrence 


SLOCC 
Class 


Orbit 
Dimension 


e SEP 

e 1 

e EPR 


cm = o 

< C(ip) < 1 
C(i>) = 1 


unent angled 
entangled 
entangled 


4 
5 
3 



In Table I, we list the SLOCC class associated with each 
collection of LU entanglement types. 

Each LU entanglement type corresponds to an LU or- 
bit (an equivalence class) of quantum states. This LU 
orbit is a differentiable manifold of quantum states. The 
fourth column of Table I lists the dimension of the LU or- 
bit of quantum states for each entanglement type [14, 15]. 

IV. DESCRIPTION OF £ 3 

In this section, we apply the procedure of section II 
to pure states of three qubits. For pure states of three 



qubits, the Hilbert space is C 2 ® C 2 ® C 2 w C 8 , the 
quantum state space is P(C 2 ® C 2 <E> C 2 ) rts CP 7 , and the 
space of normalized quantum state vectors is S 15 . The 
group of local unitary transformations is U(2) x £7(2) x 
U(2). The space of entanglement types is 

Es = P(C 2 ® C 2 ® C 2 )/£/(2) x U{2) x 17(2) 
= S 15 /U{2) x U(2) x 17(2). 

Let 

ill 

= EEE^ fe 

i=0 j=0 fc=0 

denote a normalized three-qubit state vector. We will use 
the symbol ip without ket notation to denote the column 
vector of coefficients ipijk in the standard basis. 

In order to apply the program of section II, our first 
step is to choose some LU invariants. Let n be a positive 
integer, and let a and r be permutations on n elements. 
For each n, a, and r, define a function P™ T : C 8 — > C by 



ill 

EE E- 

i 1= ji=0 fe 1= 



1 1 

EE 

i„=0 j n =0 k 



Jo.(n)* T („) 



(D 



Every function of this form is an LU invariant [6, 16, 17]. 
Define 



h(i>) 



p: 



(12) 



(12),e 



(12), (12) 



WO 



-f(123),(132) (V') 
|2 



Hdet(V>)| 

.6 

(34) (56), (13524) 



Im[P ( 6 



Invariants I\ through J4 match those given in [17]. It is 
straightforward to show that they are real- valued invari- 
ants. Hdet is Cayley's hyperdeterminant used in [7] and 
corresponding to the three-tangle of [5, 6]. 

The authors of [7, 8, 17] chose a discrete invariant as a 
sixth invariant in an effort to avoid redundancy. Because 
we are interested in topology and we want to preserve the 
information about which orbits are close to other orbits, 
we choose Iq to be a continuous invariant rather than a 
discrete one. 

Acin and coworkers [7, 8] introduced a new set of in- 
variants that made it possible to argue that the invariants 



separate orbits 
1 



Jl(i>) 



1 - hty) - h{i>) + hQj) - 2^%&j 
1 - h{i>) + J a (^) - I 3 (ip) - 2^h&) 
1 + h{i>) - hty) - / 3 (V) - l^hW) 



0sl 
5 1 , % 
12-4^ 



M1>) = h(1>) 



(2) 

(3) 

(4) 
(5) 

(6) 
(7) 



Invariants J\ through J5 match those given in both [7, 8] 
and [17]. 

The invariants Ji have nice properties under qubit per- 
mutation. Invariant J\, which reports on the two-qubit 
entanglement between qubits 2 and 3, is invariant under 
interchange of qubits 2 and 3. Similarly, J2 (J3) is invari- 
ant under interchange of qubits 1 and 3 (1 and 2). LU 
invariants J4, J5, and J§ encode the essential three-qubit 
entanglement of the state, and remain unchanged under 
any permutation of qubits. 
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Acin et al. [7, 8] generalized the Schmidt decompo- 
sition to three qubits, showing that every normalized 
three-qubit state vector is LU-equivalcnt to a standard 
state vector of the form 

|x) = A |000)+Aie < * |100) + A 2 |101)+A 3 |110)+A 4 | 111) , 

(8) 

where the Ai are real and nonncgative. <fi is real, and 
Si=o A? = 1. Evaluating invariants (2)-(7) for the stan- 
dard state vector x, we have [7, 8, 17] 



Ji(x) 


= AiA 4 e^-A 2 A 3 2 


(9) 


Mx) 


— A A 2 


(10) 


Mx) 


- \ 2 X 2 
— A A 3 


(11) 


Mx) 


- \ 2 \ 2 
— A A 4 


(12) 


Mx) 


= 2AqA 2 A3 — 2AqAi A2A3A4 cos <fi 


(13) 


Mx) 


= AQA1A2A3A4 sin0 






x (2X 2 X 2 + 2X 2 X 2 - Al - 2Ai A 2 A 3 A 4 cos 


j>). 



(14) 

Invariants J\ through J§ are a complete set of contin- 
uous, real- valued invariants. If we can find the image in 
M 6 that these invariants make, then by Proposition 1, we 
can completely characterize the space of entanglement 
types for three qubits. The next proposition does this. 

Proposition 2 The three-qubit space of entanglement 
types, £3, is homeomorphic to the subspace of K 6 con- 
sisting of points (0x, /?2, 03, 04, 05, 0e) € K 6 that satisfy 



0<(3r<-, (15) 

0</3 2 <i (16) 

O<0 3 <\, (17) 

0</3 4 <i (18) 



0x02 + 0103 + 0203 + (01 +02 + 03)04 + 0l< -^04 + ^ As , 

(19) 

and 

[(0 5 + 04? - 4(/3i + 04)(02 + 04)(03 + 04)] 

x [01 - 40x0203] + 40\ = 0. (20) 
PROOF. Define a map J : S 15 — > M 6 by 

j(^) = (JxW, j 2 (v), J 3 W, J 4 Mi>), Mi>)) ■ 

Let X be the subspace of R 6 satisfying conditions (15)- 
(20) above. 

We claim that X is the image of the map J. From this 
and Proposition 1 we may conclude that X is homeomor- 
phic to £3. We will show first that J maps into X (so 



that X contains the image of J), and then that J maps 
onto X (so that X is contained in the image of J) . 

Before we proceed with main part of the proof, we wish 
to note some conditions that are implied by conditions 
(15)-(20) above. 

04 + 05 > (21) 
2 - 40X0203 < (22) 
A fJ = (05 + 04? -4(0x+ 0^(02 + 0^(03 + 04) > (23) 

Condition (21) follows from (19) and the fact that 0i, 02, 
03, and 04 are nonnegative. To establish (22), assume the 
contrary, that 2 — 40x0203 > 0. Equation (20) then re- 
quires that 4(0 1 +0 4 )(0 2 +0i)(03 + 04) ~ (05 + 04? > 0, 

and adding these two inequalities violates (19). Hence 

(22) is established. To establish (23), assume the con- 
trary, that 4(0x + 4 )(02 + 04)(03 + 04) - (05 + 04? > 0. 

Equation (20) then requires that 2 — 40x0203 > 0, and 
adding these two inequalities violates (19). Hence (23) is 
established. 

To show that J maps into X, we must show that 
J(ip) € X for all normalized three-qubit state vectors ip. 
In other words, if = J(ip) for a normalized three-qubit 
state vector ijj, then = (0\, 2 , 03, 04, 05, 0e) satisfies 
conditions (15)-(20) above. 

In [8], Acin et al. record conditions (15)-(18) as well 
as (23), so we will assume these and move on to prove 
(19) and (20). Let = J(ip) for a normalized three- 
qubit state vector tp. Let % be a three-qubit state vector 
in standard form (8) that is LU-equivalent to ip. Then 

= J(x)- 

Let us prove (19) for = J(i/j). Our approach is to 
prove (22), and then to use (22) and (23) to prove (19). 
For condition (22), equations (9), (10), (11), and (13) 
give 

010203 ~ y = A^A^A 2 ; sin 2 > 0. (24) 

If 04 > 0, then (19) is obtained by subtracting (22) from 

(23) , and dividing by 0±. If 04 = 0, we must show that 

0X02 + 0103+0203 < \05- (25) 

By equation (12), cither Ao = or A4 = 0. If Ao = 0, 
then equations (10), (11), and (13) show that 02 — 03 = 
05 = 0, and (25) is satisfied. Alternatively, if A4 = 0, 
then equations (9), (10), (11), and (13) give 

0X02 + 0X03 + 0203 - A A 2 A l( A + A l + A l) < 

This completes the proof of condition (19) for = J(ip). 
For condition (20), note from equations (9)-(13) that 

(04 + 05? - 4(01 + 0x)(02 + 04)(03 + 04) 

= A(5(2A 2 A^ + 2\ 2 \ 2 - A 2 - 2A 1 A 2 A 3 A4Cos0) 2 . (26) 
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This, along with equations (24) and (14) gives condition 
(20). This completes the proof for the claim that J maps 
into X. 

Next we address the claim that J maps onto X. Here 
we must show for any f3 € X that there exists a nor- 
malized three-qubit state vector ijj such that J(tjj) = fa 
In fact we will produce a normalized three-qubit state 
vector x m standard form (8) such that J(x) = ft 

Case 1: ft + ft = 0. In this case, conditions (15) and 
(18) imply that fa = and fa = 0. Condition (22) then 
implies that fa = 0, condition (20) implies that fa = 0, 
and conditions (16), (17), and (19) imply that fafa = 0. 

Case la: fa = 0. Let 



lx> = 




- fa 1 000) 




-03 | HO) 



(27) 

Notice that condition (17) guarantees real nonnegativc 
entries for \. 

Case lb: fa = 0. Let 



Ix) 




- - fa |000) 



rVr ft " 101 > 



(28) 

Notice that condition (16) guarantees real nonnegativc 
entries for x- 

Case 2: fa + fa > 0. Let 



\2 _ 
A — 



fa + fa + y/A^ 

2(ft+ft) 



(29) 



Conditions (21) and (23) imply that Aq is nonnegativc. 
Choose Ao to be nonnegative. 

Case 2a: A = 0. Condition (21) implies that fa + fa = 
0. Condition (23), along with conditions (15), (16), (17), 
and (18), then implies that fa = (and hence that fa = 
0), and also that fa fafa = 0. Condition (20) implies 
that fa = 0. We must have fa > 0, and then condition 
(19) implies fa = fa = 0. Let 



Ix) 




fa 1 100) 




fa\lll) 



(30) 

Notice that condition (15) guarantees real nonnegative 
entries for \. 

Case 2b: A > 0. Let 



Ao 



\/ft 
Ao 



Aa 



Ao 



A, 



Ao 



Case 2bl: fa = 0. Since Case 2 requires fa + fa > 0, 
we have fa > 0. Conditions (22) and (23) imply that 
A^ = 0, and hence that 

,2_ fa 



Since Case 2b requires Ao > 0, we must have ft > 0. Let 
~fa 




|000>- 



fa 2fafa 2fafa 



'2 fafa 



fa 



2fa 



|101) 



fa 



fa 



1 100) 



'2/3i/? 3 



fa 



|H0). (31) 



Also note that when fa — 0, conditions (22) and (23) 
imply that 



fa = 2^fafafa 



(32) 



Condition (20) then implies that fa = 0. When fa = 0, 
condition (19) becomes (25). Multiplying the latter by 
2/ fa and using (32), we get 



2fafa , 2fafa , ft 



< 1, 



ft ft 2ft 

which shows that all of the entries in \ above are real 
and nonnegative. 

Case 2b2: ft > 0, ft = 0. Condition (22) implies that 
ft = 0. Condition (20) implies that ft = 0. Let 



|X) = Ao |000) + AoW^ |100) + ^ |110) + ^ |111) , 
y P4 Ao Ao 

where Ao is given by (29). The entries in x are clearly 
nonnegative. 

Case 2b3: ft > 0, ft = 0. Condition (22) implies that 
ft = 0. Condition (20) implies that ft = 0. Let 

|X) = Ao |000) + Ao M |100) + ^ |101) + ^ |111) , 

y P4 Ao Ao 

where Ao is given by (29). The entries in x are clearly 
nonnegative. 

Case 2b4: ftftft > 0, = 0. Condition (20) implies 
that fa = 0. Let 



Ix) = Ao |000) 

'2fafa-Xlfa , ^ Vftftft - fajj 



2\ Vfafafa 

, Vfa 



+ «An 



|101) 



Vfafafa 

|110) 



|100) 



/p4 



|111), (33) 



Ao Ao Ao 

where Ao is given by (29). The entries are all well defined 
since Ao > in Case 2b. Note also that Ao, A2, A3, and 
A4 are nonnegative. 

Case 2b5: ftftft > 0, A^ > 0. Let 



Ix) = Ao |000) 

/ 2ftft-Agft 
I 2X ^fafafa 



i\ 



fa 



^/fafafaAp 



1 100) 



+ ^|101) + ^|110) + ^|111), (34) 
Aq Ao Aq 
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where Ao is given by (29). The entries are all well defined 
since Ao > in Case 2b. Note also that Ao, A 2 , A3, and 
A4 arc nonncgative. 

In each bit of algebra shows that x is normalized. 

Using (9)-(14), one can show that J(x) = P- D 



V. VISUALIZATION OF B 3 

The description of £3 given by Proposition 2 is precise 
and complete; nevertheless we want a way to visualize 
the possibilities for thrce-qubit entanglement. One way 
to proceed is to create a hierarchy of the six invariants we 
used in describing orbits. At the top of our hierarchy we 
choose fa. Our (3^ is related to the 3-tangle of [5], and 
controls the amount of "GHZ entanglement" possessed 
by a state. If any qubit is unentangled from the other 
two, then P4 = 0, and if Pi = 1/4, its maximum value, 
the three qubits have the type of entanglement possessed 
by the GHZ state, \GHZ) = l/v^flOOO) + |111>). 

We first consider the entanglement possibilities for 
P 4 = 0. When p 4 = 0, conditions (21), (22), and (23) im- 
ply that (3 5 = 2 v / /3i7?2/33 and condition (20) then implies 



that Pq = 0. Condition (19) becomes 

P1P2 + PiP 3 + P2P3 < VP1P2P3 



(35) 



The allowable values for pi, p 2 , and P3 are given by 
(15), (16), (17), and (35). The entanglement types when 
pi = are shown in Figure 1. They fill a region in 
P\$i,P?> space bounded by three closed line segments 
[0, 1/4] and the bubble-like surface in which (35) attains 
equality. Each point in Figure 1 represents a type of 
entanglement for three qubits in which P± = (no GHZ- 
like entanglement). The closed line segments [0,1/4] 
along each axis are copies of £2, the space of entangle- 
ment types for two qubits. Points on these axes rep- 
resent types of entanglement in which one qubit is un- 
entanglcd from the other two. Completely unentangled 
states arc represented by the point at the origin in the 
figure. The point in the center of the bubble-like sur- 
face represents the type of entanglement of the W state, 
\W) = l/\/3(|100) + |010) + |001)). Since P 5 and P 6 are 
determined by Pi, P2, and P3, Figure 1 is a complete 
picture of the types of three-qubit entanglement when 

Pi = 0. 

Next we consider the entanglement possibilities for a 
fixed value of Pa in the range < /J4 < 1/4. In this case, 
the conditions of Proposition 2 produce the following al- 
lowable values of Pi, P2, Ps- 



Pi > 0, p 2 > 0, p 3 > 



(36) 



F 



Pi Q - Pa) + VJ1P2P3 - P1P2 - PxPz - P2P3 
-(Pi+ P2 + Ps )p4>0 (37) 



EPR (AB) 
State — 



Unentangled s 
State 



EPR (BC) 
State 




k EPR (AC) 
& /State 



FIG. 1: Entanglement types for /I4 = 0. 
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FIG. 2: Entanglement possibilities for /?4 = 1/8. Each point 
in the interior of the deformed tetrahedron has a circle of 
entanglement types in the f3s,/3g plane, as shown in Figure 3. 
Each point on the boundary of the tetrahedron represents a 
single entanglement type. 



This region in Pi,P 2 ,P3 space is a deformed tetrahedron 
bounded by four surfaces, as shown in Figure 2. For 
points on the boundary of the tetrahedron, conditions 
(19) and (20) uniquely determine values for p 5 and Pq 
from the values of Pi, P2, and P3. For points in the 
interior of the tetrahedron, conditions (19) and (20) give 
the allowable values for P§ and Pe as a deformed circle, 
shown in Figure 3. 

Finally, let us consider entanglement types for which 
p4 = 1/4. In this case, conditions (19) and (22) lead 
to requirements that can only be satisfied if Pi = P2 = 
P3 = p 5 = p e = 0. Thus, there is just a single type of 
entanglement with /?4 = 1/4, and it is the entanglement 
type of the GHZ state. 
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ft 




FIG. 3: Each point on this deformed circle is an entanglement 
type with ft = 1/8, ft = ft = ft = 0.03. Every point in the 
interior of the deformed tetrahedron of Figure 2 has a circle 
of entanglement types like this. Points on the boundary of 
Figure 2 have a single entanglement type. 



Tabic II classifies thrcc-qubit entanglement types in a 
topological way. viewing £3 as a 5-dimcnsional cell com- 
plex. Each entanglement type belongs to exactly one cell 
(one row of the table). In addition to listing the ranges 
of the invariants for each cell of entanglement types, we 
also give the classification of Acin et al, the SLOCC 
class, and the orbit dimension for entanglement types in 
each cell. 

Acin et al. classified entanglement for pure three-qubit 
states in [7] . Their classification was based on the number 
of basis states in (8) required to express a standard state 
with a particular entanglement type. In Table II, we list 
the Acm type from [7] associated with each cell of LU 
entanglement types. 

The fourth column of Table II lists the SLOCC class for 
each cell of LU entanglement types. In the case of pure 
three-qubit states, the number of SLOCC entanglement 
types is finite: there are six [13]. 

In addition to the classification scheme of Acfn and 
the classification based on SLOCC, entanglement types 
can be classified by the dimension of their local unitary 
orbits. Each LU orbit is a diffcrcntiable manifold with a 
well-defined dimension. Carteret and Sudbery found the 
orbit dimensions for three-qubit pure states in [18]. The 
analysis of orbit dimensions appears to be a promising 
route toward classification of ?i-qubit states [19, 20]. In 
the last column of Table II, we give the orbit dimension 
calculated for entanglement types in each cell. 



VI. TOPOLOGY AND STANDARD STATES 

The Schmidt decomposition theorem provides a set of 
standard quantum states and a claim that every bipartite 
quantum state is LU equivalent to one of the standard 
states. Various generalizations of the Schmidt decompo- 
sition to multipartite systems have been proposed [7, 21]. 
Standard states, such as (8), have been invaluable in 
understanding three-qubit entanglement. The two-qubit 



Schmidt decomposition theorem, which states that every 
two-qubit state is LU-equivalent to a state of the form 
ct\ |00) + Q!2|ll}, with ct\ and «2 real, ct\ > 0,2, and 
a i + a 2 = 1j i s particularly nice in that it provides 

• exactly one standard state for each LU entangle- 
ment type, and 

• standard states that are close together when their 
entanglement types are close together. 

Generalizations of the Schmidt decomposition to three 
qubits or more have not been able to retain both of 
these properties. This naturally leads to the question of 
whether a nice set of three-qubit standard states exists, 
and has yet to be found, or does not exist. 

We use topological properties of £3 to argue that no 
nice set of standard states exists for three qubits. We can 
translate the two nice properties above into mathematical 
requirements. The first property, that each entanglement 
type have a unique standard state, is imposed by requir- 
ing a map from the space of entanglement types to the 
space of quantum states. For three qubits, we need a map 
a : £3 —> CP'. The second property, that entanglement 
types that are close have standard states that are close, 
is satisfied by requiring that the map a be continuous. 

Recall that we already have a continuous projection 
map 7r : CP' — > £3. The composition of these two, it o er, 
must be the identity map on £3. 

£ 3 ^ CP 7 ^ £3 

Continuous maps between topological spaces in- 
duce homomorphisms between the associated homology 
groups. We will argue below that £3 has the homo- 
topy type of S" 5 , in which case the homology group 
^5(^3) = Hs(S 5 ) is not trivial. On the other hand, 
ff 5 (CP 7 ) and H 5 (S 15 ) are trivial [2]. If there were a 
continuous map a : £3 — > CP 7 , then in the composition 
of homomorphisms 

H 5 (£ 3 ) ^ H 5 (CP 7 ) ^ H 5 (£ 3 ), 

7r* o (7„ must be the identity map on ift(ft). But this is 
impossible, since H 5 (CP 7 ) is trivial. It follows that there 
is no continuous map a : £3 — ► CP 7 such that n o a is the 
identity map on £3. Hence there is no set of three-qubit 
standard states with the two nice properties above. 

It remains to argue that £3 has the homotopy type of 
S 5 . For a fixed value of ft in the range < ft < 1/4, in 
Section V we found a deformed tetrahedron of possible 
values of (ft, ft, ft), with an additional circle of possi- 
bilities for (ft, ft) when (ft, ft, ft) was in the interior 
of the tetrahedron. A tetrahedron is homcomorphic to a 
ball D 3 = {(x,y,z) £ R 3 \x 2 + y 2 + z 2 < 1}. The addi- 
tional circle of possibilities in the interior of the ball, but 
not on the boundary of the ball implies that the entire 
space of entanglement types with a fixed ft is homco- 
morphic to the quotient space of D 3 x S* 1 in which S 1 
collapses to a point on the boundary of D 3 . The space of 
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TABLE II: Three-qubit space of entanglement types viewed as a cell complex. The superscript in the cell name gives the 
dimension of the cell. The function F is defined in (37). 



Cell 


Invariant 


Acm 


SLOCC 


Orbit 


name 


ranges 


Type [7] 


Class [13] 


Dimensii 




ft = (consequently p 5 = 2yftftft, ft = 0) 








C A-B-C 


ft = ft = ft = 


1 


A-B-C 


6 




0<Pi< 1/4, p 2 = ft = 


2a 


A-BC 


7 


&A—BC 


p 1 = 1/4, p 2 = ft = 


2a 


A-BC 


5 


es-AC 


< ft < 1/4, ft = ft = 


2a 


B — AC 


7 


&B-AC 


ft = 1/4, ft = ft = 


2a 


B- AC 


5 


e C-AB 


< ft < 1/4, ft = ft = 


2a 


C-AB 


7 


&C—AB 


ft = 1/4, ft = ft = 


2a 


C-AB 


5 


P 3 


< ftft + ftft + ftft < Vftftft 


4a 


W 


9 


C W 


< ftft + ftft + ftft = Vftftft 
< ft < 1/4 


3a 


W 


8 


e GHZ 


Pi = ft = ft = 


2b 


GHZ 


7 


e A,GHZ 


ft = 1/4 -ft, ft =ft =0 


3b 


GHZ 


8 


e B,GHZ 


ft = 1/4 -ft, ft = ft = 


3b 


GHZ 


8 


e C,GHZ 


ft = 1/4 -ft, ft =ft =0 


3b 


GHZ 


8 


„2 

e A,GHZ 


< ft < 1/4 - ft, ft = ft = 


3b 


GHZ 


8 


„2 

e B,GHZ 


< ft < 1/4 - ft, ft = ft = 


3b 


GHZ 


8 


„2 

e C,GHZ 


< ft < 1/4 - ft, ft = ft = 


3b 


GHZ 


8 


„2 

e BC 


ft = 0, ftft > 0, F = 


5 


GHZ 


9 


„2 

£ac 


ft = 0, ftft > 0, F = 


4b 


GHZ 


9 


„2 

cab 


ft = 0, ftft > 0, F = 


4b 


GHZ 


9 


e%c 


ft = 0, ftft > 0, F > 


5 


GHZ 


9 


e AC 


ft = 0, ftft > 0, F > 


4b 


GHZ 


9 


e AB 


ft = 0, ftft > 0, F > 


4b 


GHZ 


9 


3 

e ABC 


ftftft > 0, F = 


5 


GHZ 


9 


e 4 


ftftft > 0, F > 0, ft = 2Vftftft 


5 


GHZ 


9 


e 5 


ftftft > 0, F > 0, ft < 2Vftftft 


5 


GHZ 


9 




e GHZ 


ft = 1/4 








(consequently ft = ft = ft = ft = ft = 0) 


2b 


GHZ 


7 



entanglement types with a fixed /ft € (0, 1/4) is therefore 
homeomorphic to S 4 . If this were the case for all values 
of /?4, including and 1/4, then the space of entangle- 
ment types would look like [0,1/4] x S 4 . But we know 
that when /ft = 1/4, the 4-sphcrc shrinks to a point, 
and when (3± = 0, the 4-sphere collapses to D 3 . We con- 
clude that £3 is homeomorphic to the quotient space of 
[0, 1/4] x S 4 in which S A collapses to D 3 at the left end- 
point of [0, 1/4], and S 4 collapses to a point at the right 
endpoint. 

Now, S 5 is homeomorphic to the quotient space of 
[0,1/4] x S 4 when S 4 shrinks to a point at both ends 
of [0, 1/4]. The quotient map £3 — > S 5 that collapses D 3 



to a point is a homotopy equivalence since (£s,D 3 ) is a 
CW pair [2, p. 11]. We conclude that £3 and S 5 have 
the same homotopy type. 

Note that £2 , by comparison, has trivial topology (the 
closed interval [0, 1] is contractible) , which explains why 
the two-qubit Schmidt decomposition can provide a nice 
set of standard states. 
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